Abstract. We find a set of necessary and sufficient conditions under which the weight w : E → R + on the graph G = (V, E) can be extended to a pseudometric d : V × V → R + . If these conditions hold and G is a connected graph, then the set Mw of all such extensions is nonvoid and the shortest-path pseudometric dw is the greatest element of Mw with respect to the partial ordering d1 d2 if and only if d1 (u, v) d2(u, v) for all u, v ∈ V . It is shown that every nonvoid poset (Mw, ) contains the least element ρ0,w if and only if G is a complete k-partite graph with k 2 and in this case the explicit formula for computation of ρ0,w is obtained.
Introduction
Recall the basic definitions that we adopt here. A graph G is an ordered pair (V, E) consisting of a set V = V (G) of vertices and a set E = E(G) of edges. In this paper we study the simple graphs which are finite, card(V ) < ∞, or infinite, card(V ) = ∞. Since our graph G is simple we can identify E(G) with a set of two-element subsets of V (G), so that each edge is an unordered pair of distinct vertices. As usual we suppose that V (G)∩E(G) = ∅. The edge e = {u, v} is said to join u and v, and the vertices u and v are called adjacent in G. The graph G is empty if no two vertices are adjacent, i.e. if E(G) = ∅. We use the standard definitions of the path, the cycle, the subgraph and supergraph, see, for example, [1, p. 4, p. 40] . Note only that all paths and cycles are finite and simple graphs.
The following, basic for us, notion is a weighted graph (G, w), i.e., a graph G = (V, E) together with a weight w : E → R + where R + = [0, ∞). If (G, w) is a weighted graph, then for each subgraph F of the graph G define w(e).
The last sum may be equal +∞ if F is infinite. for all x, y ∈ X. Using a pseudometric d on the set V of vertices of the graph G = (V, E) one can simply define a weight w : E → R + by the rule for all edges {u, v} ∈ E(G). The correctness of this definition follows from the symmetry of d.
A legitimate question to raise in this point is whether there exists a pseudometric d such that the given weight w : E → R + is produced as in (1.2) . If yes, then we say that w is a metrizable weight. Here (Q, w) is a weighted quadrilateral with V (Q) = {v 1 , v 2 , v 3 , v 4 }, E(Q) = {{v 1 , v 2 }, {v 2 , v 3 }, {v 3 , v 4 }, {v 4 , v 1 }} and w({v 1 , v 2 }) = a, w({v 2 , v 3 }) = b, w({v 3 , v 4 }) = c, w({v 4 , v 1 }) = k.
The above formulated question seems to be converse for the question of embeddings of metrics into weighted graphs. (In the standard terminology one says about the realization of metric spaces by graphs.) This topic is rich and has many applications in various areas, such as psychology, phylogenetic analysis and recent applications from the field of computer science. Some results and references in this direction can be found in [2] and [6] .
If (G, w) is a weighted graph with metrizable w, then we shall denote by M w the set of all pseudometrics d : V × V → R + such that
for all {v i , v j } ∈ E(G).
The starting point of our considerations is the following Model Example. This theorem was proved in [4] and used there as a base to finding of extremally Ptolemeic and extremally non-Ptolemeic metric spaces. The results of the present paper generalize the Model Example to the case of arbitrary (finite or infinite) weighted graphs (G, w).
Theorem 1.3 (Model Example
-Theorem 2.2 gives necessary and sufficient conditions under which a weight w is metrizable. The key point here is an extension of inequality (1.4) to an arbitrary cycle C ⊆ G. -Proposition 3.3 claims that for connected G and metrizable w the shortest-path pseudometric d w belongs to M w and that this pseudometric is the greatest element of M w . The reader can observe that the right-side in double inequalities (1.5) and (1.6) are, in fact,
-Theorem 4.3 shows that the least pseudometric in M w , (see the leftside in (1.5), (1.6)) exists for each metrizable w if and only if G is a complete k-partite graph with k 2. -In Theorem 4.36 we show that for complete k-partite graphs G with k 2 and with the cardinality of partitions 2 we have the analog of the last part of the Model Example: a symmetric function f : V × V → R + belongs to M w if and only if it "lies between" the greatest element of M w and the least one.
Moreover in Theorem 3.11 we describe the structure of connected graphs G which admit strictly positive metrizable weights w such that M w does not contain any metrics.
Embeddings of weighted graphs into pseudometric spaces
Let (G, w) be a weighted graph and let u, v be vertices belonging to a connected component of G. Let us denote P u,v = P u,v (G) the set of all paths joining u and v in G. Write
where w(F ) is the weight of the path F , see formula (1.1). It is well known for the connected graph G that the function d w is a pseudometric on the set V (G). This pseudometric will be termed as the weighted shortest-path pseudometric. It coincides with the usual path metric if w(e) = 1 for all e ∈ E(G).
Theorem 2.2. Let (G, w) be a weighted graph. The following statements are equivalent.
(i) The weight w is metrizable.
(ii) The equality
holds for all {u, v} ∈ E(G). (iii) For every cycle C ⊆ G we have the inequality
w(e) ≤ w(C).
It seems to be interesting to have conditions under which the set M w contains some metrics of a special type. In particular: What are restrictions on the weight w guaranteeing the existence of ultrametrics (or pseudoultrametrics) in the set M w ? Remark 2.5. If C is a 3-cycle, then (2.4) turns to the symmetric form 2 max{w(e 1 ), w(e 2 ), w(e 3 )} ≤ w(e 1 ) + w(e 2 ) + w(e 3 ) of the triangle inequality. Thus (2.4) can be considered as a "cyclic generalization" of this inequality. for each {u, v} ∈ E(G). Then for every sequence of points v 1 , . . . v n , v 1 = u and v n = v, v i ∈ V, i = 1, . . . , n, the triangle inequality implies
Consequently for paths F ⊆ G joining u and v the inequality
holds. Passing in the last inequality to the infimum over the set {w(F ) :
(ii)⇒(iii) Suppose statement (ii) holds. Let C be an arbitrary cycle in G and let {u, v} ∈ E(C) be an edge for which
w(e).
Deleting the edge {u, v} from the cycle C we obtain the path F := C \{u, v} joining the vertices u and v. Using equalities (2.1), (2.3) and (2.8) we conclude that (2.9) max
Since w(F ) = w(C) − w({u, v}), (2.4) follows from (2.9). (iii)⇒(i) Suppose (iii) is true. If G is a connected graph, then we can equip G by the weighted shortest-path pseudometric d w , so it is sufficient to show that d w ∈ M w . Let {u, v} ∈ E(G). In the case where there is no cycle C ⊆ G such that {u, v} ∈ E(C) the path (u = v 1 , v 2 = v) is the unique path joining u and v. Hence, in this case, equality (2.3) follows from (2.1). Let P = (u = v 1 , . . . , v k+1 = v) be an arbitrary k-path, k ≥ 2, joining u and v.
This implies the inequality w({u, v}) ≤ w(P ) for all P ∈ P u,v . Conse-
Consider now the case of disconnected graph G. Let {G i : i ∈ I} be the set of all components of G and let {v * i : i ∈ I} be the subset of V (G) such that v * i ∈ V (G i ) for each i ∈ I. We choose an index i 0 ∈ I and fix nonnegative constants a i , i ∈ I such that a i 0 = 0. Let us define the function ρ :
if u and v lie in the same component G i and as
Here w i is the restriction of w on the set E(G i ) and d w i is the weighted shortest-path pseudometric corresponding to the weight w i . It is easy to see that (2.12)
It follows directly from (2.10) and (2.11) that ρ is a pseudometric on V (G) and ρ ∈ M w . Remark 2.13. To obtain the pseudometric ρ described by formulas (2.10), (2.11) we can consider the supergraph G * of G such that V (G * ) = V (G) and } are bridges of G * . Now we can extend the weight w : E(G) → R + to a weight w * : E(G * ) → R + by the rule:
It can be shown that the pseudometric ρ is simply the weighted shortest-path pseudometric with respect to the weight w * . Figure 2 . Inclusion of the disconnected G in the connected G * . There are no new cycles in G * .
Let w 1 and w be two weights with the same underlieing graph G. Suppose the weight w 1 is metrizable. What are condition under which the weight w is also metrizable?
To describe such type conditions we recall the definition of a bridge.
Definition 2.14. Let G be a graph and let e 0 ∈ E(G). For a connected G, e 0 is a bridge of G, if G − e 0 is a disconnected graph. If G is disconnected and G 0 is the connected component of G such that e 0 ∈ E(G 0 ), then e 0 is a bridge of G, if G 0 − e 0 is disconnected.
Above we denote by G − e 0 the edge-deleted subgraph of G, see, for example, [1, p. 40] .
For weights w 1 and w 2 on E(G) define a set w 1 ∆w 2 ⊆ E(G) as
Proposition 2.15. Let (G, w 1 ) be a weighted graph with a metrizable w 1 and let E 1 be a subset of E(G). The following statements are equivalent.
(i) All weights w : E(G) → R + with w 1 ∆w ⊆ E 1 are metrizable.
(ii) Each element e ∈ E 1 is a bridge of the graph G.
Lemma 2.
16. An edge e ∈ E(G) is a bridge if and only if e is not in E(C) for any cycle C ⊆ G.
This lemma is known for the finite graphs G, see [5, Theorem 2.3] . The proof for infinite G is completely analogous, so we omit it here.
Proof of Proposition 2.15. The implication (ii)⇒(i) follows directly from condition (iii) of Theorem 2.2 and Lemma 2.16. Conversely, if some e 0 ∈ E 1 is not bridge, then by Lemma 2.16 there is a cycle C 0 ⊆ G such that e 0 ∈ E(C 0 ). Let us define the weight w 0 : E(G) → R,
Then we have w 1 ∆w 0 = {e 0 } and
It is clear, that w 1 ∆w 0 ⊆ E 1 but, by Theorem 3.11, the weight w 0 is not metrizable. Thus the implication (i)⇒(ii) follows.
Recall that acyclic graphs are usually called the forests. Lemma 2.16 implies that a graph G is a forest if and only if all e ∈ E(G) are bridges of G. Hence as a particular case of Proposition 2.15 we obtain Corollary 2.17. The following conditions are equivalent for every graph G.
(i) G is a forest.
(ii) Every weight w : E(G) → R + is metrizable.
Our final corollary shows that the property of a weight to be metrizable is local.
Corollary 2.18. Let (G, w G ) be a weighted graph. The weight w G is metrizable if and only if the restrictions w H = w G | E(H) are metrizable for all finite subgraphs H of the graph G.
Maximality of the weighted shortest-path pseudometric
Let G be a graph and let w be a metrizable weight on E(G). Recall that M w is the set of all pseudometrics ρ on V (G) satisfying the restriction
for each {u, v} ∈ E(G). Let us introduce the ordering relation on the set
for all u, v ∈ E(G). A reasonable question to ask is whether it is possible to find the greatest and least elements of the partially ordered set (M w , ).
In the present section we show that the shortest-path pseudometric d w is the greatest element in (M w , ) for a connected G and apply this result to the search of metrics in M w . The existence of the least element of the poset (M w , ) will be discussed in Section 4. Proposition 3.3. Let (G, w) be a nonempty weighted graph with a metrizable weight w. If G is connected then the weighted shortest-path pseudometric d w belongs to M w and this pseudometric is the greatest element of the poset (M w , ), i.e., the inequality
Proof. In fact, for connected G, the membership relation d w ∈ M w was justified in the third part of the proof of Theorem 2.2. To prove (3.4) see (2.7). If G is disconnected and some vertices u, v lie in distinct components,
for the two-element set A = {u, v}. Thus the poset (M w , ) does not contain the greatest element.
Remark 3.5. If G is a disconnected graph and u, v belong to distinct connected components of G, then according to (2.1) we can put
as for the infimum over the empty set. Under this agreement, the weighted shortest-path pseudometric is also "the greatest element" of M w for the disconnected graphs G.
Recall that connected acyclic graphs are called the trees, so that each tree is a connected forest. The last proposition and Corollary 2.17 imply Corollary 3.6. A graph G is a tree if and only if each weight w : E(G) → R + is metrizable and the inequality
Let (G, w) be a weighted graph with a metrizable w. Then each ρ ∈ M w is a pseudometric satisfying (3.1). We ask under what conditions does a metric ρ ∈ M w exist. To this end it is necessary for the weight w : E(G) → R + to be strictly positive in the sense that w(e) > 0 for all e ∈ E(G). This trivial condition is also sufficient for the graphs with the vertices of finite degrees. Here, as usual, by the degree of a vertex v we understand the cardinal number of edges incident with v. More generally we have Corollary 3.7. Let (G, w) be a weighted graph such that each connected component of G contains at most one vertex of infinite degree. If the weight w is metrizable and strictly positive, then there is a metric ρ ∈ M w .
Proof. Suppose G is connected and w is strictly positive and metrizable. Let {u, v} / ∈ E(G). Without loss of generality we may suppose that the edges of G which are incident with u form the finite set {e 1 , . . . , e n }. Then the inequalities w(F ) > min
For the case of disconnected G we can obtain the desirable metric ρ ∈ M w using (2.10) and (2.11) with strictly positive a i , a j .
Remark 3.8. The main point of the previous proof is the following: If there is a metric ρ ∈ M w , then the weighted shortest-path pseudometric is also a metric.
The following example shows that the conclusion of Corollary 3.7 is, generally speaking, false for connected graphs G, containing at least two vertices of infinite degree.
Example 3.9. Let (G, w) be the infinite weighted graph depicted by Fig. 3 where ε n = w({v n , u 1 }) = w({v n , u 2 }), are real numbers such that lim n→∞ ε n = 0 and ε n > ε n+1 > 0 for each n ∈ N. Each cycle C of G is a quadrilateral of the form u 1 , v n , u 2 , v m , u 1 with n = m. Since C has two distinct edges ... ... of the maximal weight, inequality (2.4) holds. By Theorem 2.2 it means that w is metrizable. Letting n, m → ∞ and using formula (2.1) we obtain d w (u 1 , u 2 ) = 0. Consequently d w is a pseudometric so, in accordance with Remark 3.8, there are no metrics in M w .
To describe the characteristic structural properties of graphs G having metrics in M w for each metrizable w : H(G) → R + we recall some definitions.
Given an infinite sequence {A n } n∈N of sets, we call the upper limit of this sequence, lim sup n→∞ A n , the set of all elements a such that a ∈ A n holds for an infinity of values of the index n. We have
Let G be a graph. A set F of vertices of G is independent if every two vertices in F are nonadjacent.
Theorem 3.11. Let G = (V, E) be an infinite connected graph. The following two conditions are equivalent.
(i) There is a strictly positive metrizable weight w such that each ρ ∈ M w is not metric but pseudometric only.
(ii) There are two vertices u * , v * ∈ V (G) and a sequenceF of paths F j , j ∈ N, joining u * and v * such that the upper limit of the sequence {V (F j )} j∈N is an independent set.
Remark 3.12. It is clear that the relations
hold for each sequenceF = {F j } j∈N joining u * and v * . Hence vertices u * and v * are nonadjacent if condition (ii) of Theorem 3.11 holds.
Using (3.10) we can reformulate the last part of (ii) in the form: (ii 1 ) for every e 0 ∈ E(G) there are u 0 ∈ e 0 and i = i(e 0 ) such that
Lemma 3.14. Let G be an infinite connected graph, let u * and v * be two distinct nonadjacent vertices of G and letF = {F j } j∈N be a sequence of paths joining u * and v * such that (ii 1 ) holds. Then there is a subsequence {F j k } k∈N ofF such that:
(ii 2 ) the equality
then C and F j k 0 have at least two common edges.
Proof. For every e ∈ E(G) define a set
Condition (ii 1 ) implies that N (e) is finite for each e ∈ E(G). Now we construct a subsequence {F j k } k∈N by induction. Write j 1 := 1 and
Since all N (e) are finite, the set M 1 ⊆ N is also finite. Let j 2 be the least natural number in the set N \ M 1 . Write
and so on. It is plain to show that (3.15) holds for distinct j k and j e . Thus the subsequence {F j k } k∈N satisfies (ii 2 ). To construct a subsequence ofF which satisfies simultaneously (ii 2 ) and (ii 3 ), note that condition (ii 1 ) remains valid when one passes from the sequenceF to any of its subsequences. Hence, without loss of generality, we may assume that {F j k } k∈N =F .
To define a new subsequence {F j k } k∈N we again use the induction. Put j 1 := 1. Suppose j k are defined for k = 1, . . . , n − 1. By (ii 1 ) for every e ∈ F j n−1 there are i(e) ∈ N and u ∈ e such that
Define (3.19) j n := 1 + max
Note that j n > j n−1 . Suppose that a cycle C is contained in k∈N F j k where {F j k } k∈N is above constructed subsequence ofF and k 0 = k 0 (C) is defined by (3.17) but F j k 0 contains the unique edge e = {u, v} from E(C). Let e 1 , e 2 ∈ E(C) be the distinct edges which are adjacent to e. The uniqueness of e, (3.16) and (3.17) imply the relations (3.20)
If e 1 = {u 1 , v 1 } and e 2 = {u 2 , v 2 }, then
contrary to (3.18) and (3.19).
Proof of Theorem 3.11. (i)⇒(ii) Let w be a strictly positive metrizable weight such that each ρ ∈ M w is a pseudometric only. Hence d w is not metric, so for some distinct u * , v * ∈ V (G) we have
From the definition of d w it follows at once that there is a sequenceF = {F i } i∈N , F i ∈ P u * ,v * , i ∈ N, such that
Since all F i are finite, we may suppose, taking a subsequence ofF if it is necessary, that
for all j ∈ N. We claim that condition (ii 1 ) is fulfilled byF . Assume there is e 0 = {u 0 , v 0 } ∈ E(G) such that
for each i ∈ N. Since all F i are paths joining u * and v * , there is an u 0 v 0 -walk in the graph
It is well known that if there is an xy-walk in a graph, then there is also a path joining x and y in the same graph, see 
Letting i → ∞ and using (3.22), (3.23) we obtain
contrary to the condition: w(e) > 0 for all e ∈ E(G).
(ii)⇒(i) Let G be a graph satisfying condition (ii). In view of Lemma 3.14 we may suppose that (ii 2 ) and (ii 3 ) are also fulfilled with {F j k } k∈N =F whereF is the sequence of paths appearing in (ii). To verify condition (i) it suffices, by Proposition 3.3, to find a metrizable weight w : V (G) → R + such that w(e) > 0 for all e ∈ E(G) and
for some distinct vertices u * and v * . In the rest of the proof we will construct the desired weight w. Let us consider the graphG
cf. (3.24). Denote by m(F i ), i ∈ N, the number of edges of F i . Let {ε i } i∈N be a decreasing sequence of positive real numbers such that lim i→∞ ε i = 0 and that the sequence { ε i m(F i ) } i∈N is also decreasing. Define a weight w 1 :
This definition is correct because, by (ii 2 ), the edge sets E(F i ) and E(F j ) are disjoint for distinct i and j. Let us note that the weight w 1 is metrizable. It follows from Theorem 2.2 because (ii 3 ), (3.25) and the decrease of the sequence { ε i m(F i ) } i∈N imply inequality (2.4) for every cycle C inG. (As has been stated above, (2.4) holds if there are two distinct edges e 1 , e 2 in C such that w(e 1 ) = w(e 2 ) = max e∈E(C) w(e). To find these e 1 and e 2 we can use (ii 3 ).)
Let d w 1 be the weighted shortest-path pseudometric generated by the weight w 1 . The condition lim i→∞ ε i = 0 implies d w 1 (u * , v * ) = 0. Indeed, we have
Let e 0 = {u 0 , v 0 } ∈ E(G) with u 0 , v 0 ∈ V (G). We will use (ii 2 ) to prove the inequality
Condition (ii 1 ) implies at least one from the relations
for sufficiently large i. Suppose, for instance, that there is i 0 = i 0 (e 0 ) ∈ N such that
Let F be an arbitrary path inG joining u 0 and v 0 and let e ∈ E(F ) be the edge incident with the end u 0 . From (3.27) follows
Using this relation, (3.25) and the decrease of the sequence {
so that (3.26) holds. Write
If V ′ = ∅, then the desirable strictly positive weight w : E(G) → R + can be obtained as w({u, v}) := d w 1 (u, v), {u, v} ∈ E(G) because as was shown above d w 1 (u, v) > 0 for each {u, v} ∈ E(G). The weight w is metrizable because it is a "restriction" of the pseudometric d w 1 . It is easy to show also that
follows from Proposition 3.3. To prove the converse inequality note that
becauseG is a subgraph of G. Consequently,
Equality (3.28) implies, in particular, that d w (u * , v * ) = 0. Let us consider now the case where
Let v ′ be a fixed point of the set V ′ . Define a distance function d ′ on the set V (G) as d ′ (v, v) = 0 for all v ∈ V (G) and as
Note that the past three lines in the right side of (3.30) can be rewritten in the form:
if u ∈ V (G) and v ∈ V ′ . The last equality and (3.30) imply that d ′ is a pseudometric. Writing
for all {u, v} ∈ E(G) we obtain the weighted graph (G, w) with d ′ ∈ M w . The weight w is strictly positive since, by for each {u, v} ∈ E(G). To complete the proof, it suffices to observe that d w (u * , v * ) = 0. To see this we can use (3.29) with u = u * and v = v * .
For the case of disconnected graphs G we have the following Proposition 3.32. Let (G, w) be a disconnected weighted graph with the strictly positive metrizable w. Then there is a pseudometric ρ ∈ M w which is not metric. Moreover let G i be connected components of G and let w i be the restrictions of the weight w on the sets E(G i ). Then the following statements are equivalent.
(i) There exists a metric in M w .
(ii) The shortest-path pseudometrics d w i are metrics for all G i .
Proof. Set in (2.11) a i = 0 for some i = i 0 . Then, by (2.12), ρ is not a metric. If all d w i are metrics, then to obtain a metric in M w it is sufficient to put a i > 0 for all i = i 0 .
The least element in M w
We wish characterize the structure of the graphs G for which the set M w contains the least pseudometric ρ 0,w as soon as w is metrizable. To this end, we recall the definition of k-partite graph.
Definition 4.1. Let G be a simple graph and let k be a cardinal number. The graph G is k-partite if the vertex set V (G) can be partitioned into k nonvoid disjoint subsets, or parts, in such a way that no edge has both ends in the same part. A k-partite graph is complete if any two vertices in different parts are adjacent.
We shall say that G is a complete multipartite graph if there is a cardinal number k 1 such that G is complete k-partite, cf. [3, p. 14].
Remark 4.2.
It is easy to prove that each nonempty complete k-partite graph G is connected if k 2. Each 1-partite graph G is an empty graph. (i) For every metrizable weight w : E(G) → R + the poset (M w , ) contains the least pseudometric ρ 0,w , i.e., the inequality
holds for all ρ ∈ M w and all u, v ∈ V (G); (ii) G is a complete k-partite graph with k 2. If condition (ii) holds and w is a metrizable weight, then for each pair of distinct nonadjacent vertices u, v we have where {X α : α ∈ I} is a partition of G and α 0 ∈ I is the index such that u, v ∈ X α 0 .
Remark 4.7. Formulas (4.5) and (4.6) give the generalization of double inequality (1.5) for an arbitrary complete k-partite graph, with k 2. The quadrilateral Q depicted by Figure 1 is evidently a complete bipartite graph. 
Proof. (i)⇒(ii)
Suppose condition (ii) does not hold. Let v 1 , v 2 , v 3 be distinct vertices of G such that v 1 and v 2 are nonadjacent and v 2 and v 3 are also nonadjacent but {v 3 , v 1 } ∈ E(G). Define the weight w as w(e) = 1 for all e ∈ E(G). Let ρ 1 and ρ 2 be the distance functions on V (G) such that:
It is easy to see that every triangle in (V (G), ρ 1 ) or in (V (G), ρ 2 ) is an isosceles triangle having the third side shorter or equal to the common length of the other two sides. Hence ρ 1 and ρ 2 are pseudometrics and even pseudoultrametrics. Furthermore ρ 1 and ρ 2 belong to M w . Suppose that there is the least pseudometric ρ 0,w in M w . Then we obtain the contradiction
(ii)⇒(i) Suppose condition (ii) holds. Let w be a metrizable weight. For each pair u, v of vertices of G write:
and (4.9) ρ 0 (u, v) := sup
Here we use the notation
We claim that ρ 0 is the least element of (M w , ). To show this it suffices to prove the triangle inequality for ρ 0 . Indeed, in this case ρ 0 is a pseudometric and ρ 0 ∈ M w by the definition of ρ 0 . Moreover if ρ is an arbitrary pseudometric from M w , then (2.4) implies:
for all distinct u, v ∈ V (G), all P ∈ P u,v and all e ∈ P . Consequently we have 2w(e) − w(P ) ≤ ρ(u, v),
The last inequality and (4.9) imply (4.4) with ρ 0,w = ρ 0 . Thus ρ 0 is the least pseudometric in M w . Let us turn to the triangle inequality for ρ 0 . Let x, y, z be some distinct vertices of G. Since w is metrizable, the definition of ρ 0 implies this inequality if {x, y}, {y, z} and {z, x} belong to E(G). Let {x, y} ∈ E(G). In accordance with condition (ii), either both {y, z} and {z, x} are edges of G or both {y, z} and {z, x} are not edges of G.
Suppose {y, z}, {z, x} ∈ E(G). The three-point sequence P 1 := (x, z, y) is a path joining x and y. Consequently by (4.9) we obtain
To prove the inequality
it is sufficient to show
for each path P joining x and y. This inequality is trivial if its left part equals zero. In the opposite case, (4.12) can be rewritten in the form 2 max e∈P w(e) ≤ w(P ) + w({x, z}) + w({z, y}).
Applying (2.4) we see that the last inequality holds, so (4.12) follows. (Note that inequality (2.4) holds for each closed walk in G if it holds for each cycle in G.)
It is slightly more difficult to prove the triangle inequality for ρ 0 when (4.13) {y, z} ∈ E(G), {z, x} ∈ E(G) and {z, y} ∈ E(G).
To this end, we establish first the following lemma.
Lemma 4.14. Let (G, w) be a connected, weighted graph with a metrizable w, let condition (ii) of Lemma 4.8 hold and let x, y be distinct nonadjacent vertices of G. Then, for every P ∈ P x,y there is v ∈ V (G) with {v, x}, {v, y} ∈ E(G) and such that 
Let us prove (4.15). If
because w is metrizable and so we have the "triangle inequality"
Hence the path (x, v 1 , y) satisfies (4.15) with v = v 1 . Similarly if M = ({v n , y}), then the desired path is (x, v n , y).
Suppose now that
Since w is metrizable, applying (2.4) to the cycle (v 1 , v 2 , . . . , y, v 1 ) we obtain and, moreover, that w(F ) ≤ w(P ). Hence it suffices to prove the inequality max e∈F (2w(e) − w(F )) + ≤ |w({x, v}) − w({v, y})| for a 2-path (x, v, y) in G. We can make it in a way analogous to that was used under consideration of restriction (4.18) if w({u 1 , y}) ≥ w({x, u 1 }).
To complete the proof, it suffices to observe that the last inequality can be rewritten as w({v n , y}) ≥ w({x, v n }) which follows from (4.20).
Continuation of the proof of Lemma 4.8. It still remains to prove the inequality
if x, y, z are distinct vertices such that (4.22) {x, y} ∈ E(G), {x, z} ∈ E(G) and {z, y} ∈ E(G).
It follows from Lemma 4.14 that
where the supremum is taken over the set of all vertices v such that (4.24) {x, v}, {v, y} ∈ E(G).
Condition (ii), relations (4.22) and relations (4.24) give the membership relation {z, v} ∈ E(G).
Thus the weight function w is defined at the "point" {z, v}. Hence
These inequalities and (4.23) imply (4.21).
Recall that a subgraph H of a graph G is induced if E(H) consists of all edges of G which have both ends in V (H). If p is a vertex of G and u = p = v, then either p ∈ V 1 or there is a part V 2 = V 1 such that p ∈ V 2 . Using Definition 4.1 we obtain that {p, v} / ∈ E(G) and {p, u} / ∈ E(G) if p ∈ V 1 or, in the opposite case p ∈ V 2 , that {p, v} ∈ E(G) and {p, u} ∈ E(G). Assume now that G has no induced subgraphs depicted by Figure 6 . Let us define a relation ≍ on the set V (G) as
Relation ≍ is evidently symmetric. Since simple graphs contain no loops, we have {u, u} / ∈ E(G) for each u ∈ V (G). Consequently ≍ is reflexive. Moreover if {u, v} / ∈ E(G) and {v, p} / ∈ E(G), then we obtain {u, p} / ∈ E(G). Thus ≍ is transitive, so this is an equivalence relation. The set V (G) is partitioned by the relation ≍ on the disjoint parts V i , i ∈ I, where I is an index set. It follows directly from (4.26) that no edge of G has both ends in the same part. Hence G is a k-partite graph with k = card I. Finally note that {u, v} ∈ E(G) if and only if the relation u ≍ v does not hold. Consequently G is a complete k-partite graph. Proof. Let w : E(G) → R + be a weight such that the equality (4.29) w(e) = 1 holds for all e ∈ E(G). It is clear that w is metrizable. Let {u 1 , v 1 } be an edge of G. If G is disconnected, then there are two connected components
This proposition implies
Let p be a vertex of G 2 . Using formulas (2.10), (2.11) with zero constants a i we can find some pseudometrics ρ 1 , ρ 2 ∈ M w for which (4.30) ρ 1 (u 1 , p) = 0 and
If condition (i) of Theorem 4.3 holds, then for the least pseudometric ρ 0,w in M w we have the inequalities
These inequalities, the triangle inequality and (4.30) imply
Since ρ 0,w ∈ M w , it implies w(e) = 0 for e = {u 1 , v 1 }, contrary (4.29).
Proof of Theorem 4.3. Suppose that condition (i) of the theorem holds. By Lemma 4.28, G is a connected graph and so we can use Lemma 4.8. Applying this lemma we obtain the equivalence of its condition (ii) with condition (i) of Assume now that G is complete k-partite graph with k 2 and w is metrizable. Let u and v be some distinct nonadjacent vertices of G. Then we have u, v ∈ X α 0 for some α 0 ∈ I. We must to prove equalities (4.5) and (4.6). For every vertex p / ∈ X α 0 the sequence (u, p, v) is a path joining u and v. Consequently the inequality
follows from (2.1). To prove the converse inequality it is sufficient to show that for every F ∈ P u,v there is p ∈ X α , α = α 0 , such that (4.32) w(F ) w({u, v}) + w({p, v}).
Since u and v are nonadjacent, the length (the number of edges) of F is more or equal 2 for every F ∈ P u,v . If the length of F is 2, then the "inner" vertex of F does not belong to X α 0 so we have (4.31). Let (u = v 0 , v 1 , . . . , v n = v) belong to P u,v and n 3. If v 1 ∈ X α , then α = α 0 and {u, v} ∈ E(G) because G is a complete k-partite graph. Since w is metrizable, statement (ii) of Theorem 2.2 implies see (4.9) and (4.10). Using Lemma 4.14 we obtain that for every F ∈ P u,v there is p ∈ V (G) with {u, p}, {p, v} ∈ E(G) and such that Since G is a complete bipartite graph, G contains the quadrilateral Q, see Fig. 1 . Consequently we have card X = 1 or card Y = 1. Thus G is a star. Conversely suppose G is a star. Then G is acyclic, so using Corollary 2.17 we obtain that every weight w is metrizable. Since stars are complete that implies (4.37). Hence by (i) we must have
that contradicts the definition of the function f . Thus the inequality card X α 2 holds for each part X α . (ii)⇒(i) Suppose that condition (ii) holds. Since k 2 and G is a complete k-partite graph, Theorem 4.3 provides the existence of the least pseudometric ρ 0,w for each metrizable weight w. Let f : V (G) × V (G) → R + be a symmetric function such that (4.37) holds for all u, v ∈ V (G). The double inequality (4.37) implies that f is nonnegative and f (u, v) = w({u, v}) for all {u, v} ∈ E(V ) and f (u, u) = 0 for all u ∈ V (G). Consequently to prove that f ∈ M w it is sufficient to obtain the triangle inequality for all u, v, p ∈ V (G). We may assume u, v and p are pairwise disjoint, otherwise (4.40) is trivial. Since card X α 2 for each part X α , at most one pair from the vertices u, v and p are nonadjacent. If {u, v} / ∈ E(G), then using (4.37) we obtain
= w({u, p}) + w({p, v}) f (u, p) + f (p, v).
Similarly if {u, p} / ∈ E(G) or {p, v} / ∈ E(G), then we have f (u, v) ρ 0,w (u, v) ρ 0,w (u, p) + ρ 0,w (p, v) = f (u, p) + f (p, v).
Inequality (4.40) follows and we obtain condition (i).
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